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Tate series: Multivariate power series with coefficients in a valued ring, convergent on a closed ball

Valued ring: Q,, Z,, C[[X]], C((X))...

e ©o o O O
e o O O O
®e O O O O e O ® O O
O e ® O O
Tateseries:.+.+.+.+.+ € K°{X} O O ®¢ O O
Polynomia: @ + @ + @ + 0 + 0




Grobner bases in finite precision:
» Need to work around error propagation

> Need to perform tests to zero to find leading terms



Grobner bases in finite precision:
» No error propagation in valued rings

> Need to perform tests to zero to find leading terms



Grobner bases in finite precision:
» No error propagation in valued rings

> Need to perform tests to zero to find leading terms

Solution: term ordering such that “close to zero” means small

» Order the terms with their coefficients

» First compare the valuations

» Then break ties with a monomial order

o
®
e
@ -

® Ceo

@ Oeo
A\
@ OOe



Grobner bases in finite precision:

» No error propagation in valued rings

» Need to perform tests to zero to find leading terms

Solution: term ordering such that “close to zero” means small

» Order the terms with their coefficients

» First compare the valuations

» Then break ties with a monomial order

Properties:

» Terms with smaller valuation are larger
> Infinite reductions have increasing valuation

> Tate series have a leading term
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Buchberger’s algorithm

Input: F list of Tate series

Output: G Grobner basis of the ideal (F)

1. G« F
2. P« {S-pol(g.g'): g # g € G}
. While P # 0:
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6. Ifh+0:

Add hto G

8. Add to P all S-Pol(g, h) forg e G
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Output: G Grobner basis of the ideal (F) Precision = 3
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Some reductions to zero are predictable, how to detect them?
Idea 1: keep track of the module representation of the elements [Moller, Mora, Traverso, 1992]

Idea 2: only keep some terms of the module elements
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Some reductions to zero are predictable, how to detect them?
Idea 1: keep track of the module representation of the elements [Moller, Mora, Traverso, 1992]
Idea 2: only keep some terms of the module elements

Idea 3: skip operations which cannot be done [Faugeére, 2002]
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Some reductions to zero are predictable, how to detect them?
Idea 1: keep track of the module representation of the elements
Idea 2: only keep some terms of the module elements

Idea 3: skip operations which cannot be done

» Consider pairs instead of polynomials:

(s, p)

L——»p= D pifi € CIX]
Signature: s = LT(] p;e;) term of C[X]™

» Only allow regular operations:

(s, f+g8) ifs>t
(s.f)+(t,g=< (t,f+g) ifs<t

non-regular otherwise

[Moller, Mora, Traverso, 1992]

[Faugeére, 2002]



Some reductions to zero are predictable, how to detect them?
Idea 1: keep track of the module representation of the elements [Moller, Mora, Traverso, 1992]
Idea 2: only keep some terms of the module elements

Idea 3: skip operations which cannot be done [Faugeére, 2002]

» Consider pairs instead of polynomials:

(s, p)

A good decade on signature-based algorithms
;»p:Zp,‘fiEC[X]

Fa/5

Survey: [Eder, Faugére, 2017]

Matrix F5 g5 with BC
Bardet

Ars

Signature: s = LT(X p;e;) term of C[X]™ I
» Only allow regular operations:

(s,f+g) ifs>t
(,/)+(t,g =< (t,f+g) ifs<t

non-regular otherwise

Image: Christian Eder, 2013
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Incremental signature-based algorithm  [G2V, 2010]

Input: F = {fi, ..., fa} list of polynomials
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Incremental signature-based algorithm  [G2V, 2010]

Input: F = {fi, ..., fa} list of polynomials

Output: G Grobner basis of the ideal (F)
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Incremental signature-based algorithm “PoTe” Signature ordering 1: Position over Term

Input: F = {fi, ..., fn} list of Tate series o o o

Output: G Grobner basis of the ideal (F) ® O O

@) o

@) @)

@c <@c, <0, <0c;< Qe
.G« 0

2. For i from 1to n:

3. Add(e;f))to G

4. Addto P all S-Pol(p, (s, h)) forpe G
5. While P # 0:

6. (s, h) « element of £ with minimal signature s

7. h «—Regular-Reduce((s, h), G)

8. If h #0:
9. Add (s, h) to G
10. Add to P all regular S-Pol(p, (s, h)) for p € G

11. Return G



Incremental signature-based algorithm “PoTe”

Input: F = {fi, ..., fn} list of Tate series

Output: G Grobner basis of the ideal (F)

1
2

3.

4.

8.
9.
10.

11

G0

. For i from 1to n:

Add (e;,fi)) to G

Add to P all S-Pol(p, (s, h)) forpe G
While $ # 0:

(s, h) « element of £ with minimal signature s
h «—Regular-Reduce((s, h), G)
If h #0:

Add (s, h) to G

Add to P all regular S-Pol(p, (s, h)) for p € G

. Return G

But signatures can decrease!
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But signatures can decrease!

(0,6) (@, 60)

(gef’g:')

What is the difference with the polynomial case?

» The polynomial monomial order is global : 1< @

> Most signature-based algorithms require a global order

v

There are also local orders: ® < 1

v

and signature-based algorithms for that case

[Lu et.al. 2018]

L L L
O L o

Our orderismixed : @ <1< @

v

v

The local proof can be adapted



Incremental signature-based algorithm “PoTe” Signature ordering 1: Position over Term

Input: F = {fi, ..., fn} list of Tate series o o o

Output: G Grobner basis of the ideal (F) ® O O

@) o

@) @)

@c <@c, <0, <0c; < Qe
1.G«— 0

2. For i from 1to n:

3. Add(e;,fi)toG Signature ordering 2: VaPoTe
4. Addto P all S-Pol(p, (s, h)) forpe G Increasing Valuation over Position over Term
5. While P # 0: ° ° ° o o

® @) ©) (@) (@)

6. (s, h) « element of  with minimal signature s

Qc. < @c < 0, < 0c, < O¢
7. h «—Regular-Reduce((s, h), G)

8. If h #0:
9. Add (s, h) to G
10. Add to P all regular S-Pol(p, (s, h)) for p € G

11. Return G



Incremental signature-based algorithm “VaPoTe”

Input: F = {fi, ..., fn} list of Tate series
Output: G Grobner basis of the ideal (F)

1. (Initialization), Q « {(e;,f)}
2. For v from 0 to co:
3. For each element with valuation v in Q

4., (Update the basis like in PoTe)

5.

6. If val(h) > v:
7. Add hto Q
8. Else:

9. Update

10. Return G

Signature ordering 1: Position over Term

o O ©)
( ©) @)

@) ()
@) @)
@c <@c, <0, <0c;< Qe

Signature ordering 2: VaPoTe

Increasing Valuation over Position over Term

[ [ [ ] O ©)
® O O (@) (@)

Qc. < @c < 0, < 0c, < O¢



Conclusion

» Two algorithms: PoTe and VaPote

>

>

v

v

Incremental, signature-based
Generically equivalent
Usually faster than Buchberger

Distributed with SageMath 9.1

Time

400

200

Buchberger ¢

Precision

15




Conclusion

» Two algorithms: PoTe and VaPote

0

> Incremental, signature-based

v

Generically equivalent

v

Usually faster than Buchberger

v

Distributed with SageMath 9.1

Time

400

200

|
Buchbergero

5 10
Precision

15




Conclusion

400

» Two algorithms: PoTe and VaPote

>

v

v

v

Incremental, signature-based
Generically equivalent
Usually faster than Buchberger

Distributed with SageMath 9.1

Future work

» Understand non-generic performance differences

0

3,000

2,000

Time

1,000

Buchberger

Precision




Conclusion

» Two algorithms: PoTe and VaPote

0

> Incremental, signature-based s e

v

Generically equivalent

v

Usually faster than Buchberger

v

Distributed with SageMath 9.1

Future work

» Understand non-generic performance differences

Time

600

400

200

Time

3,000

2,000

1,000

Buchbergero

PoTe

10
Precision

15

20



3,000

Conclusion

2,000

Time

1,000

» Two algorithms: PoTe and VaPote =

0

> Incremental, signature-based N T e T T ke o
» Generically equivalent
|
» Usually faster than Buchberger 500 | Buchbergerp |
» Distributed with SageMath 9.1
400 |- n
o 300 N
Future work =
» Understand non-generic performance differences = 200 |- -
100 |- *
0 [ —
| | | l

Precision

12



Conclusion

» Two algorithms: PoTe and VaPote

> Incremental, signature-based

v

v

v

Future work

» Understand non-generic performance differences

Generically equivalent
Usually faster than Buchberger

Distributed with SageMath 9.1

Time
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Buchbergerp
Y
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Time

» Examine possible optimizations between the loops

> Flatten the curve in precision
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