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Problem: Determine a recurrence relation for the sequence (an)n∈N ∈ FN97 starting with

3, 0, 0, 8, 0, 0, 18, 0, 0, 30, 0, 0, 42, 0, 0, 54, 0, 0, 68, 0, 0, 80, 0, 0, 1, 0, . . .

I Generate a new sequence an = a3n without the zeroes:

3, 8, 18, 30, 42, 54, 68, 80, 1, . . .

I Make an ansatz equation

1∑
j=0

4∑
i=0

ci,jn
ian+j = 0

I Make an ansatz equation

3∑
j=0

4∑
i=0

ci,jn
ian+j = 0

I Plug in the values of an and obtain a linear system:

3 3 3 3 3 0 0 0 0 0 0 0 0 0 0 8 8 8 8 8
0 0 0 0 0 0 0 0 0 0 8 16 32 64 31 0 0 0 0 0
0 0 0 0 0 8 24 72 22 66 0 0 0 0 0 0 0 0 0 0
8 32 31 27 11 0 0 0 0 0 0 0 0 0 0 18 72 94 85 49
0 0 0 0 0 0 0 0 0 0 18 90 62 19 95 0 0 0 0 0
0 0 0 0 0 18 11 66 8 48 0 0 0 0 0 0 0 0 0 0
18 29 9 63 53 0 0 0 0 0 0 0 0 0 0 30 16 15 8 56
0 0 0 0 0 0 0 0 0 0 30 46 77 34 78 0 0 0 0 0
0 0 0 0 0 30 76 5 45 17 0 0 0 0 0 0 0 0 0 0
30 9 90 27 76 0 0 0 0 0 0 0 0 0 0 42 32 29 96 87
0 0 0 0 0 0 0 0 0 0 42 74 38 30 39 0 0 0 0 0
0 0 0 0 0 42 19 34 20 46 0 0 0 0 0 0 0 0 0 0
42 61 17 27 60 0 0 0 0 0 0 0 0 0 0 54 23 8 7 91
0 0 0 0 0 0 0 0 0 0 54 77 11 57 22 0 0 0 0 0
0 0 0 0 0 54 34 25 84 96 0 0 0 0 0 0 0 0 0 0
54 88 50 24 93 0 0 0 0 0 0 0 0 0 0 68 21 45 41 74
0 0 0 0 0 0 0 0 0 0 68 89 58 16 78 0 0 0 0 0
0 0 0 0 0 68 60 13 40 41 0 0 0 0 0 0 0 0 0 0
68 31 7 36 5 0 0 0 0 0 0 0 0 0 0 80 65 71 88 23
0 0 0 0 0 0 0 0 0 0 80 48 87 91 74 0 0 0 0 0
0 0 0 0 0 80 31 69 91 68 0 0 0 0 0 0 0 0 0 0
80 14 17 83 80 0 0 0 0 0 0 0 0 0 0 1 22 96 75 1
0 0 0 0 0 0 0 0 0 0 1 23 44 42 93 0 0 0 0 0
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linear equations

20 unknowns

Overdetermined system

I If it was generic, the system would not have any solution.

I But it has a dimension 2 kernel:

(1, 0, 38, 36, 92, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 7, 38, 77, 75, 92) T

(0, 1, 35, 38, 16, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 49, 58, 73, 82, 68) T

I So we can deduce some relations:

(92n4 + 75n3 + 77n2 + 38n + 7)an+3 + (92n4 + 36n3 + 38n2 + 1)an = 0
(68n4 + 82n3 + 73n2 + 58n + 49)an+3 + (16n4 + 38n3 + 35n2 + n)an = 0

I But those relations are not valid!

∑
ci,j/3

(n
3

)i
an+3j =

∑
ci,j/3

(n
3

)i
an/3+j = 0

∑
ci,3j (3n)i an+j =

∑
ci,3j (3n)i a3n+3j = 0

I Plug in the values of an and obtain a linear system:

3 3 3 3 3 8 8 8 8 8
8 16 32 64 31 18 36 72 47 94
18 54 65 1 3 30 90 76 34 5
30 23 92 77 17 42 71 90 69 82
42 16 80 12 60 54 76 89 57 91
54 33 4 24 47 68 20 23 41 52
68 88 34 44 17 80 75 40 86 20
80 58 76 26 14 1 8 64 27 22
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8+2 unknowns

Underdetermined system

I If it was generic, the system would have a dimension 2 solution space.

I It does, the kernel is generated by

(1, 0, 93, 80, 19, 86, 67, 54, 62, 83) T

(0, 1, 83, 9, 41, 33, 41, 18, 4, 72) T

I The corresponding relations would be:

(83n4 + 62n3 + 54n2 + 67n + 86)an+1 + (19n4 + 80n3 + 93n2 + 1)an = 0
(72n4 + 4n3 + 18n2 + 41n + 33)an+1 + (41n4 + 9n3 + 83n2 + n)an = 0

I We do not have enough data to obtain a recurrence!
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I The same happens with other guessing techniques, such as
Hermite-Padé approximation.

I The correspondence between the recurrences for (an) and (an)
is always true. It ensures that removing the zeros does not lose
information.

I In general, the number of values required to guess with any
confidence a recurrence relation of order r and degree d is

(r + 1)(d + 2)− 1.

I In the example, on the le�-hand side, with r = 3 and d = 4, we
find that we need at least 23 points, so our 26 points should
have been enough if the sequence had been generic.

I On the right-hand side, with r = 1 and d = 4, we find that we
need 11 points, so our 9 points are indeed not enough.

I The actual minimal number of values, for a sequence such that
an = 0 whenever n mod m 6= 0, is

m
[(⌊ r

m

⌋
+ 1
)(

d + 2
)
− 1
]

I Again in the example, for the original sequence, we need 33
points, which confirms that our 26 points are not enough.

I One can also guess polynomial relations.

I There, one considers the formal power series a(t) =
∑∞

n=0 antn

and looks for a relation of the form

P(t, a(t)) =
r∑

j=0

d∑
i=0

ci,jt
ia(t)j = 0

I If a(t) =
∑∞

n=0 antn, then a(t) = a(tm) and

r∑
j=0

d/m∑
i=0

ci/m,jt
ia(t)j = 0.

I In general, the number of values required to guess with any
confidence a polynomial relation of degree r in a and d in t is

(r + 1)(d + 1).

I For a sequence such that an = 0 whenever n mod m 6= 0, the
actual value is

m
(

r + 1
)(⌊

d
m

⌋
+ 1
)
.

I One can also guess di�erential equations of the form
r∑

j=0

d∑
i=0

ci,jt
ia(t)(j) = 0

I But a′(t) = mtm−1a′(tm) does not lead to a convenient
conversion between equations for a(t) and a(t)

I Example: cos(t) = 1 + 0t − t2

2 + 0t3 + t4

24 + . . . satisfies the
di�erential equation

cos′′(t) + cos(t) = 0 (order 2, degree 0)

I If we remove the zeros, we obtain a(t) = cos(
√

t), for which the
smallest di�erential equation is

4ta′′(t) + 2a′(t) + a(t) = 0 (order 2, degree 1)

I If we add zeros, we can consider b(t) = cos(t2), for which the
smallest di�erential equation are

tb′′(t)− b′(t) + 4t3b(t) = 0 (order 2, degree 3)

b(3)(t) + 4t2b′(t) + 12tb(t) = 0 (order 3, degree 2)
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